Abstract. A marginally trapped surface in the four-dimensional Minkowski space is a spacelike surface whose mean curvature vector is lightlike at each point. We introduce meridian surfaces of parabolic type as one-parameter systems of meridians of a rotational hypersurface with lightlike axis in Minkowski 4-space and find their basic invariants. We find all marginally trapped meridian surfaces of parabolic type and give a geometric construction of these surfaces.
Introduction
The concept of trapped surfaces was introduced by Roger Penrose in [15] and is closely related to the theory of cosmic black holes playing an important role in general relativity. These surfaces were defined in order to study global properties of spacetime. In Physics, a surface in the 4-dimensional spacetime is called marginally trapped if it is closed, embedded, spacelike and its mean curvature vector is lightlike at each point of the surface. Recently, marginally trapped surfaces have been studied from a mathematical viewpoint. In the mathematical literature, it is customary to call a surface in a semi-Riemannian manifold marginally trapped if its mean curvature vector H is lightlike at each point, and removing the other hypotheses, i.e. the surface does not need to be closed or embedded.
Classification results in four-dimensional Lorentz space forms were obtained imposing some extra conditions on the mean curvature vector, the Gauss curvature or the second fundamental form. For example, marginally trapped surfaces with positive relative nullity in Lorenz space forms were classified by B.-Y. Chen and J. Van der Veken in [1] . They also proved the non-existence of marginally trapped surfaces in Robertson-Walker spaces with positive relative nullity [2] and classified marginally trapped surfaces with parallel mean curvature vector in Lorenz space forms [3] .
Marginally trapped surfaces in Minkowski 4-space which are invariant under spacelike rotations were classified by S. Haesen and M. Ortega in [9] . In [8] they classified marginally trapped surfaces in Minkowski 4-space which are invariant under boost transformations (hyperbolic rotations). The classification of marginally trapped surfaces in Minkowski 4-space which are invariant under a group of screw rotations (a group of Lorenz rotations with an invariant lightlike direction) was obtained in [10] .
Surfaces in the 4-dimensional Minkowski space R point-wise fixed. A rotational surface of parabolic type is an an orbit of a regular curve under the action of the orthogonal transformations of R 4 1 which leave a degenerate plane point-wise fixed. Some classification results for rotational surfaces of elliptic, hyperbolic or parabolic type with classical extra conditions have been obtained. A classification of all timelike and spacelike hyperbolic rotational surfaces with non-zero constant mean curvature in the three-dimensional de Sitter space S 3 1 is given in [13] and a classification of the spacelike and timelike Weingarten rotational surfaces of the three types in S 3 1 is found in [14] . In [5] we described all Chen spacelike rotational surfaces of hyperbolic or elliptic type.
In [7] we studied marginally trapped surfaces in the four-dimensional Minkowski space R 4 1 and developed an invariant theory of these surfaces based on the principal lines generated by the second fundamental form. Using the principal lines, we introduced a geometrically determined moving frame field at each point of such a surface and obtained seven invariant functions which determine the surface up to a motion in R 4 1 . We applied our theory to a special class of spacelike surfaces lying on rotational hypersurfaces with timelike or spacelike axis. We constructed two-dimensional surfaces which are one-parameter systems of meridians of the rotational hypersurface and called these surfaces meridian surfaces. The geometric construction of the meridian surfaces is different from the construction of the standard rotational surfaces with two-dimensional axis. Hence, the class of meridian surfaces is a new source of examples of two-dimensional surfaces in R 4 1 . We found all marginally trapped meridian surfaces lying on rotational hypersurfaces with spacelike or timelike axis [7] .
In the present paper we continue the study of meridian surfaces considering a rotational hypersurface with lightlike axis in R 4 1 and construct two-dimensional surfaces which are one-parameter systems of meridians of the rotational hypersurface. We call these surfaces meridian surfaces of parabolic type. We calculate their basic invariants and find all marginally trapped meridian surfaces of parabolic type. They are described in Proposition 3.1 and Theorem 3.2. We give a geometric construction of marginally trapped meridian surfaces of parabolic type.
Summarizing, we can say that we have described all marginally trapped meridian surfaces of elliptic, hyperbolic and parabolic type.
Preliminaries
Let R 4 1 be the Minkowski space endowed with the metric , of signature (3, 1) and Oe 1 e 2 e 3 e 4 be a fixed orthonormal coordinate system in R 1 is said to be spacelike if , induces a Riemannian metric g on M 2 . Thus at each point p of a spacelike surface M 2 we have the following decomposition
with the property that the restriction of the metric , onto the tangent space T p M 2 is of signature (2, 0) , and the restriction of the metric , onto the normal space N p M 2 is of signature (1, 1) .
1 is said to be timelike if the induced metric g on M 2 is a metric with index 1, i.e. at each point p of a timelike surface M 2 we have the following decomposition
with the property that the restriction of the metric , onto the tangent space T p M 2 is of signature (1, 1) , and the restriction of the metric , onto the normal space N p M 2 is of signature (2, 0) .
Denote by ∇ ′ and ∇ the Levi Civita connections on R 
be a local parametrization on a spacelike surface in R 
and we set W = √ EG − F 2 . We choose a normal frame field {n 1 , n 2 } such that n 1 , n 1 = 1, n 2 , n 2 = −1, and the quadruple {z u , z v , n 1 , n 2 } is positively oriented in R .
The second fundamental form II is invariant up to the orientation of the tangent space or the normal space of the surface. The condition L = M = N = 0 characterizes points at which the space {σ(x, y) : x, y ∈ T p M 2 } is one-dimensional. We call such points flat points of the surface. These points are analogous to flat points in the theory of surfaces in R 3 . In [11] and [12] such points are called inflection points. The notion of an inflection point is introduced for 2-dimensional surfaces in a 4-dimensional affine space A 4 . E. Lane [11] has shown that every point of a surface is an inflection point if and only if the surface is developable or lies in a 3-dimensional subspace.
We consider surfaces free of flat points, i.e. (L, M, N) = (0, 0, 0). The second fundamental form II determines conjugate, asymptotic, and principal tangents at a point p of M 2 in the standard way. A line c :
is said to be an asymptotic line, respectively a principal line, if its tangent at any point is asymptotic, respectively principal. The second fundamental form II generates two invariant functions:
The functions k and κ are invariant under changes of the parameters of the surface and changes of the normal frame field [6] . The sign of k is invariant under congruences and the sign of κ is invariant under motions in R 4 1 . However, the sign of κ changes under symmetries with respect to a hyperplane in R 4 1 . It turns out that the invariant κ is the curvature of the normal connection of the surface. The number of asymptotic tangents at a point of M 2 is determined by the sign of the invariant k.
3. Meridian surfaces of elliptic, hyperbolic, and parabolic type in R 4 1 In [4] we constructed a family of surfaces lying on a standard rotational hypersurface in the four-dimensional Euclidean space R 4 . These surfaces are one-parameter systems of meridians of the rotational hypersurface, that is why we called them meridian surfaces. We described the meridian surfaces with constant Gauss curvature, with constant mean curvature, and with constant invariant k.
In the four-dimensional Minkowski space there are three types of rotational hypersurfaces -rotational hypersurfaces with timelike axis, with spacelike axis, and with lightlike axis. In [7] we used the idea from the Euclidean case to construct special families of two-dimensional spacelike surfaces lying on rotational hypersurfaces in R 4 1 with timelike or spacelike axis. The construction was the following.
Let {e 1 , e 2 , e 3 , e 4 } be the standard orthonormal frame in R Let
1 , obtained by the rotation of the meridian curve m : u → (f (u), g(u)) about the Oe 4 -axis, is parameterized as follows:
The rotational hypersurface M ′ is a two-parameter system of meridians. If
Since M ′ m is a one-parameter system of meridians of M ′ , we call M ′ m a meridian surface on M ′ . In a similar way we consider meridian surfaces lying on the rotational hypersurface in R 4 1 with spacelike axis. Let f = f (u), g = g(u) be smooth functions, defined in an interval 
If
We call M 
The rotational hypersurface with lightlike axis can be parameterized by
where u ∈ I, v ∈ J. The surface M In the present section we shall find all marginally trapped meridian surfaces of parabolic type.
Without loss of generality we assume that
First we shall study the parametric u-lines and v-lines of the meridian surface of parabolic type.
Let
Using (3) we calculate the unit tangent vector field t cu of c u :
We denote by s the arc-length of c u and calculate the derivative
Note that n cu is a timelike vector field, since n cu , n cu = −1. Differentiating (4) with respect to s we get
Thus we obtain the formulas
which imply that the curvature of c u is Using (5) we calculate the unit tangent vector field t cv of c v :
whereφ denotes the derivative with respect to v. Knowing t cv we calculate the curvature κ cv of c v and obtain that κ cv = ϕφ − 2φ
. Then, for each u = u 0 = const the curvature of the corresponding parametric v-line is expressed as κ cv = 1 a κ(v), where a = f (u 0 ). Now we shall find the coefficients of the first and the second fundamental forms of the meridian surface of parabolic type. From (2) we find the tangent vector fields of M ′′′ m : (6) 
Hence, the coefficients of the first fundamental form of M
The first fundamental form is positive definite, since −f
Then {x, y} is an orthonormal tangent frame field of M ′′′ m . We consider the orthonormal normal frame field, defined by (7) n 1 = 1 φ 2 + ϕ 2 (φ sin v + ϕ cos v) e 1 + (−φ cos v + ϕ sin v) e 2 + ϕ 2 ξ 1 ;
Thus we obtain a frame field {x, y,
Taking into account (6), we calculate the second partial derivatives of z(u, v):
Then equalities (7) and (8) imply
Hence, the coefficients of the second fundamental form are:
Then the invariants k and κ of the meridian surface of parabolic type are expressed as follows:
The equality κ = 0 implies that M ′′′ m is a surface with flat normal connection. Using (9) we obtain (10)
σ(x, y) = 0;
Taking into account (10), we find the Gauss curvature K and the mean curvature vector field
We can distinguish two special classes of meridian surfaces of parabolic type.
I. κ(v) = 0. In this case M ′′′ m is a surface consisting of flat points, since L = M = N = 0. It follows from (7) that for each meridian surface of parabolic type the next formulas hold:
Having in mind that κ(v) = 0 we get ∇ 
Let us consider the curve c :
Then the ruled surface M Proof: In the case κ m (u) = 0 the mean curvature vector field is:
The condition H, H = 0 is equivalent to κ 2 (v) = − 1 2a .
Further we shall consider general meridian surfaces of parabolic type, i.e. we assume that κ(v) = 0 and κ m (u) = 0. 
where b and c are constants, c = 0.
from (11) we obtain that the mean curvature vector field is
Hence, H, H = 0 if and only if
The last equality implies (14) κ(v) = a = const, a = 0;
Assuming that the meridian curve is given by f = u; g = g(u), from equation (14) we get
After the change 1
The general solution of equation (16) is given by
Hence,
Integrating (17) we obtain that all solutions of differential equation (15) are given by the formula
Theorem 3.2 and Proposition 3.1 give all marginally trapped meridian surfaces of parabolic type.
Geometric description of marginally trapped meridian surfaces of parabolic type
In this section we give a complete geometric description of the marginally trapped meridian surfaces of parabolic type.
Note that for the class of marginally trapped meridian surfaces (in both general and special case) we have κ(v) = a = const, a = 0. Now we shall clear up the geometric meaning of the condition κ(v) = const.
Each parametric v-line u = u 0 = const of the meridian surface M ′′′ m is given by (5) . Let us consider the curve c : z = z(v), defined by
Then each parametric v-line is expressed as
Hence, all parametric v-lines of M ′′′ m are generated by the curve c. Note that z(v), z(v) = 0. The curve c lies on the paraboloid P 2 , defined by
We shall prove that in the case κ(v) = a = const, a = 0 the curve c is a plane curve on P 2 .
4.1. Curves on P 2 with constant curvature. Let c be the curve on P 2 , given by (18). It follows from (18) that the unit tangent vector field t(v) of c is
Obviously c is a spacelike curve, since t(v), t(v) = 1. We denote by s the arc-length of c and calculate the derivative
Hence, the curvature of c is κ Proof: We denote
Then, we have the formula dt ds = κ n. Calculating the derivativeṅ(v) we get
, which implies
Using the last equalities by straightforward computation we get
Hence, from equalities (19), (20) and (21) we obtain the formulas dt ds = κ n; dn ds = −κ t, which imply that the curve c is a plane curve lying in the plane span{t, n}.
Let us consider the vector fields T 1 =φ t + ϕ n φ 2 + ϕ 2 and T 2 = ϕ t −φ n φ 2 + ϕ 2 . In the case κ(v) = a, a = 0 we calculate that
T 2 = − sin v e 1 + cos v e 2 −φ a φ 2 + ϕ 2 ξ 1 .
T 1 and T 2 are unit spacelike vector fields such that T 1 , T 2 = 0 and span{t, n} = span{T 1 , T 2 }. Sinceφ 2 + ϕ 2 = 0, the lightlike vector field ξ 1 does not lie in the plane span{T 1 , T 2 }. Each curve lying on P 2 admits a parametrization of the form w 1 = ϕ(v), w 2 = v for some smooth function ϕ. From Proposition 4.1 it follows that each curve on P 2 with constant curvature is a plane section of P 2 with a plane which does not contain ξ 1 . Now we shall prove that the converse statement is also true. Proof: We shall use the notations z 1 , z 2 , η 1 , η 2 for the coordinate functions of an arbitrary vector field with respect to the base {e 1 , e 2 , ξ 1 , ξ 2 }, respectively. The paraboloid P 2 has the following coordinate parametric equations:
z 1 = w 1 cos w 2 ;
z 2 = w 1 sin w 2 ;
η 2 = 1.
Note that the paraboloid P 2 lies in the hyperplane of E Since we consider plane sections of P 2 with planes which does not contain ξ 1 , we assume that C 0 = 0 and A = const.
Let us denote θ(v) = A cos v + B sin v. Then ϕ = −θ ± √ θ 2 − 2C. By long but straightforward computation we geṫ
